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Abstract. We prove the existence of a suitable "positive" model struc- 
ture for symmetric spectra over an abstract simplicial monoidal model 
category. This allows to generalize the theorem due to Elmendorf, Kriz, 
Mandell and May saying that the n-th symmetric power of a positively 
cofibrant topological spectrum is stably equivalent to the n-th homo- 
topy symmetric power of that spectrum, see [5], III, 5.1, and [7], 15.5. 
As a consequence, we also prove the existence of left derive symmetric 
powers for abstract symmetric spectra. The results are general enough 
to be applicable to the Morel- Voevodsky's motivic symmetric spectra 
of schemes over a field. 



1. Introduction 

Let 5^ be the category of topological symmetric spectra in the sense of 
[TT] . and let S/' be the homotopy category of 5^ with respect to the stable 
model structure in it, so that ^ is equivalent to the standard topologi- 
cal stable homotopy category whose "Homs" encode the stable homotopy 
groups of Ciy-complexes. As it was shown in |2] (see also j^), the cat- 
egory 5^ admits another one, positive, model structure whose homotopy 
category is the same as ^ but the positivity of this new structure gives rise 
to many good properties missing in the standard stable model structure. 
For example, if X is a topological symmetric spectrum, which is cofibrant 
in the positive model structure, then the natural morphism from the n-th 
homotopy symmetric power of X onto the honest n-symmetric power of X 
is a stable weak equivalence, loc.cit. 

Following [inj, one can generalize the above topological stable category 
in the following way. We start with a pointed simplicial closed symmetric 
monoidal model category which is, in addition, left proper and cellular. 
Take then a cofibrant object T in and look at the category of symmetric 
T-spectra y over ^, see [lO]. Then y possesses a stable model structure, 
such that the corresponding homotopy category is a generalization of the 
above topological stable homotopy category, loc.cit. The advantage here is 
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that Hovey's approach provides a general method for constructing of stable 
homotopy categories, equally appropriate in topology and in the motivic 
setting, when the initial model category ^ is nothing but the category 
of simplicial sheaves in the Nisnevich topology on the category of smooth 
schemes over a base field, see |6]. 

The purpose of this paper is to generahze the above positive model 
structure, constructed for topological spectra, to the setting of abstract 
T-spectra, which would be then equally suitable in topology and in the 
motivic world. Our main result is that a positive model structure does 
exist in the abstract setting. Basically, we follow the method in [2] and [7] , 
keeping as high level of generality as possible. A new thing, however, is that 
we systematically exploit the technique of localization of model categories 
from [8], which allows us to sort out various model structures naturally 
arising in our considerations. 

As an application, provided generating cofibrations in the starting model 
category are strongly symmetrizable in the sense [5], we obtain a stable 
weak equivalence between the n-th homotopy symmetric power of a posi- 
tively cofibrant object in 5^ and its honest ra-th symmetric power (Theorem 
[TT]) . This result generalizes Lemma 15.5 in [7], and allows to derive sym- 
metric powers in the abstract stable homotopy category S/' (Theorem [T^ . 
Since the generating cofibrations in the category of simplicial Nisnevich 
sheaves are strongly symmetrizable, [5], our results are applicable in the 
Morel- Voevodsky stable category of motivic symmetric spectra over a field. 

The paper is organized as follows. In Section [2] we set up what do we 
want to construct and fix notation and terminology. Section [3] is devoted 
to positive projective model structure on spectra. In Section H] we deduce 
a few needed propositions on loop-spectra in the abstract setting. Then, 
in Section |5] we prove the main result on positive stable model structures. 
Finally, in Section [TJ we apply positive model structures to symmetric 
powers. 

Acknowledgements. The authors are grateful to Peter May, who has 
drawn our attention to positive model structures in topology, and to Joseph 
Ayoub for useful comments on homotopy types under the action of finite 
groups. 

2. Positive model structures: what to construct? 

First we need to explain what do we mean by an abstract stable ho- 
motopy category. Our viewpoint is that it should be understood as the 
homotopy category of the category of symmetric spectra over a given sim- 
plicial model monoidal category stabilizing smashing with T, where T 
is a cofibrant object T in Such a general gadget generalizes both the 
topological stable homotopy category and the motivic one due to Morel 
and Voevodsky. Nowadays, in both cases, we should work with symmetric 
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spectra as they provide a set of powerful monoidal properties of spectra, 
useful in applications. In our considerations we depart from the paper [TO] , 
which is basic to us. 

Let 'i^ be a pointed simplicial closed symmetric monoidal model category, 
left proper and cellular. Left properness means that the push-out of a weak 
equivalence along a cofibration is again a weak equivalence, and cellularity 
means that ^ is cofibrantly generated by a set of generating cofibrations I 
and a set of trivial generating cofibrations J, the domains and codomains 
of morphisms in I are compact relative to J, the domains of morphisms 
in J are small relative to the cofibrations, and cofibrations are effective 
monomorphisms. To avoid any misunderstanding in using this complicated 
terminology we would recommend the reader to consult with [9], [10] and 

By technical reasons, we prefer to use different symbols to denote a cat- 
egory ^ and a model structure ^ in it. If a model structure ^ is cofi- 
brantly generated by / and J, having the class of weak equivalences W , 
will be writing ^ = (J, J, W), as ^ is uniquely defined by /, J and W. 

Let S be a disjoint union of symmetric groups S„ for all n > 0, where 
Eq = and all groups are considered as one object categories. Let 
be the category of symmetric sequences over i.e. functors from E to 
Since ^ is closed symmetric monoidal, so is the category The 
monoidal product in is given by the formula 

(X A Y)n = Vj_(.j=„E„, Xs^xSj i^i A Yj) , 

where En Xs^xEj (Xj A Yj) is nothing but cor jn"^^ . (Xj A Yj) in terms of [5], 
and the action of E„ is standard, see [11] or [10] . 

Let T be a cofibrant object in and let S(T) be the free monoid on the 
symmetric sequence (0, T, 0, 0, . . . ), i.e. the symmetric sequence 

S{T) = {T^ ,T\T'^ , . . .) , 

where T*^ = 1 is the unit, = T and E„ acts on T" by permutation of 
factors. The whole point is that the monoid S{T) is commutative. Then a 
symmetric spectrum is nothing but a module over S{T) in Explicitly, 
a symmetric spectrum X is a sequence of objects 

^0 ■, ^1 ■, ^2 , ^3 , ■ ■ ■ 

in ^ together with E^-equivariant morphisms 

Xn A T > Xrt+1 , 

such that for all n,i > the composite 

Xn A > Xn+1 AT* "*"—>■■■—)■ Xn+i 

is E„ X Ej-equivariant. 
Let 

y = Spt^(^,T) 
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be the category of symmetric spectra over ^ stabilizing the functor 

- AT : ^ — . 

A model structure on 5^ can be constructed as a localization of the so- 
called projective model structure coming from the model structure on 
using the main result of [S]. 

Namely, for any non-negative n we consider the evaluation functor 

Ev„ : ^ — 

sending any symmetric X to its n-slice. Each Ev„ has a left adjoint 

Fn '■ ^ — > , 

which can be constructed as follows. Let Fn be a functor sending any object 
X in ^ to the symmetric sequence 

(0,...,0,S„xX,0,0,...). 

Then 

F„X = F„X A S{T) , 

see [IDl Def.7.3]. 

Let now 

It = ^n>oFnI and Jt = Un>oFnJ , 
where F^J is the set of all the morphisms of type Fnf, f & I, and the same 
for FnJ. Let also 

Wt 

be the set of projective weak equivalences, i.e. level weak equivalences, 
which means that for any morphism / : X — > F in Wt the morphism 
fn '■ Xn — )■ F„ is a weak equivalence in ^ for all n > 0. 
The projective model structure 

^ = (J^, Jy, Wt) 

is generated by the set of generating cofibrations It and the set of weak 
generating cofibrations Jt- As the model structure in ^ is left proper and 
cellular, the projective model structure in is left proper and cellular 
too, [To]. In particular, the class of cofibrations in ^ is equal to the class 
/t-coL 

For any two non-negative integers n and m, m > n, the group Sm-n is 
canonically embedded into the group and for any object X in ^ it acts 
on X A T"^~^ permuting factors in T"^~^. Then FnX can be computed by 
the formula 

(F„XU = cor^;:_(XAT— ), 
see [ini §7]. In particular, 

Ev„+iF„X = cor^';+^(X AT) = S„+i x (X A T) . 

Let now 

:F„+i(XAr)^F„(X) 
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be the adjoint to the morphism 

X A T ^ EYn+iFnX = X (X A T) 

induced by the canonical embedding of Si into S^+i. 

For any set of morphisms U let dom(f/) and codom(/) be the set of 
domains and codomains of morphisms from U, respectively. Let then 

S = I X e dom(J) U codom(/) , n > 0} , 

where Q is the cofibrant replacement in Then a stable model structure 

J^s = {It, Jt,s, Wt,s) 

in ^ is defined to be the Bousfield localization of the projective model 
structure with respect to the class S in the sense of [8]. It is generated by the 
same set of generating cofibrations It, and by a new set of weak generating 
cofibrations Jt,s- Here Wt,s is the set of stable weak equivalences, i.e. new 
weak equivalences obtained as a result of the localization. 

Now, for any category ^ and any set if morphisms in it, let 

^ — >^ [w-^] 

be the localization of ^ as an abstract category (see, for example, [3]). 
Then let 

be the localization of y with respect to the set Wt,s, i-e. the homotopy 
category of with respect to weak equivalences in Wt,s- Then we call 
^ to be an abstract stable homotopy category of symmetric spectra over 
't^ which stabilizes smashing by T. As the functor (— AT) is a Quillen 
autoequivalence of with respect to the model structure it induces 
an equivalence on the homotopy category JT, as required. 



Let now 

S+ = {(^^ I X e dom(J) U codom(J) , n > 0} . 

Our aim is actually to find a new model structure generated by a 

new set of generating cofibrations, and a new set of generating trivial 
cofibrations , having a new set of weak equivalences 

^+ = (/+, J+, W+) , 

such that weak equivalences in ^+ would be those morphisms f : X ^ Y 
in which : X„ — > y„ is a weak equivalence in ^ for all n > 0, and if 

•^g+ = {It 1 "^T S+'' ^T5+) 

is a localization of with respect to the above set then 

Wt,s = W+,^ . 
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Since now the desired model structure will be called a positive stable 
model structure whose fibrations, cofibrations and weak equivalences will 
be called positive fibrations, cofibrations and stable weak equivalences. 

3. Positive projective model structures 

Let 

It ~ 'Jn>0-^n(-^) , 
(J) 

and let 

W+ 

be the set of morphisms f : X Y, such that /„ : X„ — )■ y„ is a weak 
equivalence in ^ for all > 0. First we will prove a proposition saying 
that J-jt, and generate a model structure in J^. 

Proposition 1. The above sets , and do satisfy the conditions of 
Theorem 2.1.19 in [9], so that they generate a model structure, denoted by 
.M'^ with the set of generating cofibrations , the set of trivial generating 
cofibrations , and whose weak equivalences are . In particular, the 
set of cofibrations in .M^ is the set l^-co^, and weak equivalences in 
are . 

Proof We will use the fact that ^ = {It, Jt, Wt), and so the sets It, Jt 
and Wt satisfy the conditions of Theorem 2.1.19 in [9]. 

First condition 

The first condition from Theorem 2.1.19 in [9] is satisfied automatically. 

Second condition 
Since 

C It , 

we get 

dom(J^) C dom(Jr) , 

and 

/^t-cell C /r-cell . 

By the property 2 from Hovey's theorem, applied to ^ , we have that 
dom(/T) are small relative to /r-cell. Since dom(J^) C dom(JT'), even more 
so the set dom(/^) is small relative to /r-cell. As /^-cell is a subset in It- 
cell, even more so the set dom(J^) is small relative to the smaller subset 
/+-cell. 

Third condition 



we will systematically use the terminology from §2.1 of the book [9] 
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Everything is the same as in the case of the third condition, but we need 
to replace / by J. 

Fourth condition 

First we look at the chain of the obvious inclusions 

J^-cell C JT-cell dWTdW:}: . 

Now we need to show that J^'^-cell C J^-cof. Notice that the class J^-cell 
consists of transfinite compositions of push-outs of morphisms from and 
the class I^-coi is closed under transfinite compositions and push-outs, see 
the proof of Lemma 2.1.10 on page 31 in [9]. This is why, in order to show 
that to show that J^-ce\\ C I^-cof , it is enough to prove that C J^-cof . 

We need some more terminology. Let ^ be a category, and let A and B 
be two classes of morphisms in it. We will say that the the pair {A, B} has 
the lifting property (LP, for short) if for any morphism f : X ^ Y from 
A, and any morphism g : U V from B, and any commutative square 

X 

if 

37 / 

y' 

there exists a morphism 7 keeping the diagram to be commutative. 

Let now 2^ and ^ be two categories, and X^t F : ^ : G be two 
adjoint functors, F from the left, and G from the right. Let A be a class of 
morphisms in ^ ^ and let be a class of morphisms in Then {A, 
has LP if and only if {F[A), B} has LP. 

Using this, and also taking into account that the class of fibrations in 
a cofibrantly generated model category coincides with the class J-inj, see 
Definition 2.1.17 (3) in [9], we get that 

J+-inj = {f : X ^Y in y \ \fn> Ev„(/) is a fibration in^} , 

i.e. the class J^-inj is the class of positive level fibrations in 
Similarly, 

/;^-inj = {/ : X — > y in \\/n > Ev„(/) is a trivial fibration in^} . 
It follows that 

/;^-inj C J-^-inj . 

By definition, it means that all morphisms in I^-in] have the right lifting 
property with respect to all morphisms from J^. Then it means that 

c I^-cof , 

as required. 
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As a result, 

J^-cell C n J^-cof , 
and the fourth condition is done. 

Fifth and sixth condition 

The above descriptions of the classes J^^-inj and /^-inj give that 

J^-inj n = /^i^-inj . 

This gives the conditions five and six in Theorem 2.1.19 in Hovey's book. 

Thus, the sets I^, and W,^ generate a model structure in y, denoted 
by such that weak equivalences in it are those morphisms f : X ^ Y 
in which /„ : X^. — >■ y„ is a weak equivalence in ^ for all n > 0. 

□ 

Corollary 2. A morphism f : X ^ Y in is a fibration in if and 
only if fn '■ Xn —> Yn is a fibration in 'if for any n > 0. A morphism 
f : X ^ Y in is a cofibration in ^+ if and only if fn '■ Xn Yn is 
a cofibration in for any n > and /o : Xq — > Yq <J?^ isomorphism. 
In particular, an object X in 5^ is cofibrant in ^+ if and only if Xn is 
cofibrant for all n > and Xq = *. 

Proof. The corollary can be proved using the definition of I^, , left 
lifting and the adjunction between Fn and Ev„. □ 

4. Loop spectra 

Let ^ be a simplicial closed symmetric monoidal model category. In 
particular, for any object X in ^ the functor —AX has right adjoint 
functor Hom(X, — ). This is nothing but the function object whose value 
Hom(X, y), for any object Y in can be viewed as "functions" from X 
to Y. Certainly, Hom(— , — ) is a bifunctor from x ^ to ^. 

Being a simplicial category, ^ also has a bifunctor Map(— , — ) from x 
^ to the category of simplicial sets A°^S^ets with all nice adjunctions, see [9] 
and [1]. Since the setting is symmetric and simplicial, we will systematically 
ignore the difference between the left and right versions of Hom and Map, 
see a remark on page 131 in [9]. 

For any simplicial set U we have that its n-slice f/„ is canonically iso- 
morphic to the Hom-set Hom/^op,3^ets(A", U). Using the adjunction between 
Map(X, — ) and X A see we obtain that Hom^^op^yfefs (A",Map(X,y)) 
is isomorphic to }lome^{X A A", Y). Then, 

Map(X, Y)n ~ Boms>{X A A", F) . 

Objects Map(X, Y) come from the simplicial structure of the category 
^. To provide them with a homotopical meaning we need to replace X 
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and Y by their cofibrant and fibrant replacements QX and RY respectively. 
Then let 

map(X, Y) = Map(QX, RY) , 
so that we obtain yet another bifunctor map(— , — ) from the category x 
& to A"Pyets, see [lO], Section 2. 

Now let ^ be the category of symmetric spectra S^. Let Q and R be 
the cofibrant and fibrant replacement functors with respect to the model 
structure and let and R'^ be the cofibrant and fibrant replacement 
functors with respect to the model structure Cofibrations do not 

change when passing to localizations, so that Q remains the same in the lo- 
calizations of the model structure ^ by S or S~^, and remains the same 
in the localizations of the model structure by 5" or S""*". Respectively, 
we define two bifunctors 

map(X, Y) = Map(gX, RX) 

and 

map+(X,r) = Map(Q+X, 
from y""" X y to A^Pyets^. 

Next, following [H] (and [7j), for any spectrum X in ^ let 

ex := Hom(Fi(r),X) , 

and let 

e-.X — yQX 

be a morphism induced by the morphism Q : Fi(T) -fo(l)- 

It is useful to interpret the functor 6 as a loop spectrum. Indeed, if 

s.-.y — >y 

is a shift functor 

s_ = Hom(Fi(l),-) , 

see Definition 8.9 in [10], then 6 is isomorphic to the compostion of s_ and 
a loop-spectrun functor 

{-f = Hom(i^o(T), -):y^y, 

loc.cit. 

We also have iterations 

e°x = X , 
e"x := e(e"-^x) , 

and 

e"" -.x — > e"x , 

being a composition of morphisms 0*(^) : 0*X — )■ 0*+^X for all i = 
0,...,n- 1. 

We can also take the homotopy colimit 

e~X = hocolim„e"X 
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with respect to the morphisms 6*(r), and consider the corresponding mor- 
phism 

-.x — y e°^x . 

The meaning of the above constructions comes from topology. Indeed, 
let ^ be the category of pointed simplicial sets A^^^ets^,, 1 be the colon 
S^, T be the simplicial circle A[1]/(9A[1], so that is the category of 
topological symmetric spectra from [TT]. For any pointed simplicial set Y 
let 

X = FoiY) = 

be the symmetric S'^-suspension spectrum of Y. Then 
Map(Fi(5^),X) ^ Map(5\EviX) = 

= Map{S\S^ AY) = fiSF 

- the simplicial set of loops in the suspension of the pointed simplicial 
set Y. By adjunction between Fq and Evq we have that 

Y ^ Map(^o,F) ^ Map(Fo(^°),Fo(F)) = Map(Fo(5°), X) . 

As the suspension S is left adjoint to the loop-functor fl, the identity 
morphism id : — )■ T,Y gives a morphism 6' : Y ^ QTjY. In view 
if the above isomorphisms, 9' is nothing but the morphism Map(Co^°,X), 
induced by the morphism (q° : Fi{S^) — )■ Fq{S^). In other words, 6* is a 
"spectralized" morphism 6' obtained by replacing Homs by internal Homs 
in y. 

Iterating the process we would see that the morphisms 6*" : X — 0"X 
come from the morphisms Y — )■ f2"S"y , and the morphism 6'°° : X — )■ 0°°X 
comes from the morphism Y — )■ Q°°J]°°Y in topology, where the simplicial 
set Q°°J]°°Y is sometimes denoted by QY. 

If we will do the same construction 6°° : X — 6°°X in the category of 
non-symmetric spectra over A°^S^ets^, then, as far as we can see, 0°°X 
will be an il-spectrum, and G°°(— ) will be a fibrant replacement functor 
for non-symmetric spectra over A°^^ets^, see [1]. However, in symmetric 
spectra over A°^^ets*, 9°°X need not be an r2-spectrum, and 9°° need not 
be a stable equivalence, [TT] . 

Now we come back to the category of abstract symmetric T-spectra 
over ^. 

Proposition 3. Let X be an S"^ -local object in 5^ with respect to the model 
structure . Then: 

(i) 6X is an S-local object with respect to the projective model struc- 
ture ^ , and 

(a) the morphism : X — )■ 0X is a weak equivalence in the model 
structure . 
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Proof. First of all we need to show that QX is fibrant in Let f : A ^ 
B he a. trivial cofibration in and consider the following commutative 
square 

A -ex 



3h 



B * 

We need to find a morphism h : B ^ QX completing the diagram to be 
commutative. By adjunction between Hom fFi (T), — ) and — A Fi{T) the 
lifting h exists if and only if there exists a lifting h' making the diagram 

A AFi(T) ^X 



/AFi(T) 



3h' 



BAFi{T) ^ 

commutative. The object Fi{T) is cofibrant in i.e. all its n-slices 

Fi{T)n are cofibrant for n > 0, and Fi{T)q = *. Then, a fortiori, Fi{T) is 
cofibrant in Then /A-Fi(T) is a trivial cofibration in The specificity 
of the spectrum Fi(T) yields that {A A Fi(T))o = * and {B A Fi(T))o = *, 
so that (/ A Fi{T))q is an isomorphism. Therefore, / A Fi{T) is a weak 
equivalence not only in ^ but also in Since X is fibrant in 

because it is S'"''-local with respect to by assumption, the required h' 
exists. 

Thus, QX is fibrant in and we can start to prove the first part of 
the proposition. In order to show that QX is S'-local, with respect to 
we need to show that for any cofibrant object in U in and for any 
non-negative integer n the morphism 

iCY : map(F„+i(r A U), QX) map(F„(?7), QX) 

is a weak equivalence of simplicial sets. As U is cofibrant, the spectrum 
Fn{U) is cofibrant in ^ too. The spectrum QX is fibrant in Therefore, 
the simplicial set 

map(F„(t/),eX) 

is weak equivalent to the simplicial set 

Map(F„(f/), QX) ~ Rom,y {Fn{U) A A*, QX) 

By the adjunction between — A Fi{T) and Hom(Fi(T), — ) we get an iso- 
morphism 

Romy{Fn{U) A A', QX) ^ Hom,y.(F„(?7) A Fi{T) A A',X) . 
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But 

Hom,y.(F„(?7) A F,{T) A A',X) ^ Map(F„(t/) A Fi(r),X) . 

Besides, the spectrum Fn{U) A Fi{T) is cofibrant in and X is fibrant 
in by assumption, so that 

Map(F„(t/) AFi(r),X) ~ map+(F„(f/) A Fi(T), X) , 

where ~ stays for weak equivalences of simphcial sets. As a result, we 
obtain that 

map(F„,(f/), eX) ~ map+(F„(?7) A Fi{T),X) . 
Similarly, we get an isomorphism 

map(F„+i([/ AT),0X) ~ map+(F„(f/ A T) A Fi(T), X) . 
Consider now a commutative square 

map(F„(f/), eX) ^^^^ map(F„+i(f/ A T), QX) 

map+(F„,(f/) A Fi(T), X) — map+(F„+i(f/ A T) A Fi(T), X) 

As Z is S'"^-local with respect to by assumption, and the morphism 
C^+i^ is in S^, the bottom horizontal morphism is the above diagram is 
a weak equivalence of simplicial sets. And, as we have seen just now, 
the vertical morphisms are isomorphisms of simplicial sets. Then the top 
horizontal morphism (C^)* is a weak equivalence of simplicial sets as well, 
and (i) is done. 

Now let's prove (ii) for the case of the model structure All we 

need to show is that the morphism 6n '■ X„ — )■ 0X„ is a weak equivalence 
in ^ for all n > 1. The objects X„ and 0X„ are fibrant in Since ^ 
is a simplicial model category, it is enough to show that for any cofibrant 
object i? in the corresponding morphism 

{6n)* : map(i?,X„) — y map(i?, 6X„) 

is a weak equivalence of simplicial sets. 

As B is cofibrant and Ev„(X) is fibrant in we have that 

map(5, Ev„(X)) ~ Map(5, Ev„(X)) = Eom^^B A A*, Ev„(X)) . 

By the adjunction between Fn and Ev„ we have that 

Hom.^(5 A A', Ev„(X)) ~ Hom,y^(F„(5 A A'), X) 



But 



F„(5AA') AA' 
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by the definition of tlie action of simplicial sets on spectra. Tlierefore, we 
obtain 

map(5,Ev„(X)) ~ Hom,y^(F„(fi A A*),X) ~ Hom^-(F„,(5) A A',X) = 

= Map(F„(5),X) . 
Similarly, we get a weak equivalence 

map(5,Ev„(eX)) ~ Map(F„(5), GX) . 
Now we look at the commutative square 

map(5, Ev„(X)) ^ map(B, Ev„(eX)) 



Map(F„(5), X) Map(F„(5), QX) 

Changing the bottom horizontal row by means of the adjunction 

Map(F„(5),eX) ~ Map(F„(5) AFi(T),X) ~ Map(F„,+i(5 A T), X) 
we get a new commutative square 

{9 ) 

map(i?, Xn) — ^ map(i?, 6X„) 



Map(F„(5), X) ^^^^-^ Map(F„+i(5 A T), X) 

As n > 1, the morphism is in 5'"'', the objects Fn{B) and Fn+i{B A T) 
are cofibrant in Besides, X is S'"'"-local. As, moreover, the model 

structure is compatible with the simplicial structure in the bottom 
horizontal morphism in the last commutative square is a weak equivalence 
of simplicial sets. Since the vertical morphisms are isomorphisms, we obtain 
that the top horizontal (On)* is a weak equivalence of simplicial sets. □ 

We also will be using the following lemma. 

Lemma 4. The functor G : ^ — > =5^ carries weak equivalences between 
fibrant objects in in to weak equivalences in ^ , so that the 'pair of 
functors 

(-AFi(T),e) 

is a Quillen adjunction between ^ and . In particular, there exists 
right derived functor RQ : Ho{^^) — t- Ho{^). 
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Proof. Let / be a (trivial) cofibration in the model structure As the 
model structure ^ is compatible with the monoidal structure in the 
morphism / A-Fi(T) is also a (trivial) cofibration in Since {Fi{T))o = * 
the morphism (/ A Fi(T))q is an isomorphism. Since — A Fi(T) has right 
adjoint O, we are done. □ 



5. Positive weak equivalences are stable 



In this section we will show that any weak equivalence in the positive 
model structure is a weak equivalence in the stable model structure. This 
is a consequence of the previous results and the following general effect. 

Lemma 5. Let & he a symmetric monoidal model category with a product 
A and unit 1, letU he a cofihrant, X, Y fihrant ohjects, and let 

u:U ^1, f -X 

he two morphisms, all in ^ . Denote hy [u] the class of morphisms 

V Au:V AU , 

where V runs through cofihrant ohjects in ^ . Suppose furthermore that the 
morphism 

f, : Hom(f/, X) — > Hom([/, Y) 
is a weak equivalence in 3! . Then, f is a weak equivalence in the Bousfield 
localized category 2l{u)- 

Proof. For any morphism V A u in {u) and any cofibrant object W in ^ 
the product W A {V A u) = (W AV) A u) is in (u) again. Then ^(u) is 
monoidal model by Proposition 27 in [5] . 

Let g : — 1 be a cofibrant replacement of the unit in ^. In the 
commutative diagram 



QIAU 



Ql 



qAU 



U 



1 



the morphism g is a weak equivalence in ^ by definition, the morphism 
g A f/ is a weak equivalence in ^ by one of the axioms of the monoidal 
model structure, and Ql Am is a weak equivalence in ^(u) by the definition 
of {u). Therefore, u is a weak equivalence in ^(u)- 
The morphism u defines a morphism 

u* -.X ^ Hom fl, X) ^ Hom(f/, X) . 

Let 



r : X 



R{u)X 
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be the fibrant replacement in 2i(u)- As R[u)^ is fibrant, V is cofibrant and 
ti is a weak equivalence in the monoidal model category ^(u), the morphism 

u* : %)X ~ Hom(l, %)X)) — ^ Hom(f/, 

is a weak equivalence by [9l Lemma 4.2.7]. The morphism r is a weak 
equivalence in ^(u) by definition. As the square 



X 



Hom([/, X) 



Hom(t/, i?(„)X) 



R{u)X — 

is commutative, the composition 

X ^ Rom (U, X) ^ Hom([/, 

is an isomorphism in the homotopy category ifo(^(„)), which means that 
X is functorially a retract of Hom ([/, X) in Ho{S'(^u))- 

In particular, / is a retract of an isomorphism : Hom(f/, X) — )■ 
Hom(f/, y) in Ho{S)[u))- As a retract of an isomorphism is an isomor- 
phism, / is an isomorphism in Ho{^(^u)), and so it is a weak equivalence in 
%)• □ 



Proposition 6. Any positive weak equivalence is a stable weak equivalence. 

Proof. Let / : X — )■ y be a positive weak equivalence, i.e. /„ : X„ — F„ 
is a weak equivalence in ^ for any n > 0. We are going to apply Lemma [5] 
when 

U = F,{T) 

and 

M = C/:Fi(T)^Fo(l) = l. 

Notice that U is cofibrant in ^ and, without loss of generality, we may 
assume that X and Y are fibrant objects in because fibrant replace- 
ments in ^ are level equivalences and do not change neither the condition 
of the proposition, nor its conclusion. Then X and Y are fibrant in 
too. As / is a weak equivalence in by Lemma HJ the morphism 

0/ = Hom(Fi(T), /) is a weak equivalence in Then / is a weak equiv- 
alence in the model structure -^((^i) by Lemma [51 To complete the proof we 
need only to observe that, for any cofibrant object V in the morphism 
V A (I is a stable weak equivalence, so that {(I) consists of (not all) weak 
equivalences in □ 
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Recall that Q is the cofibrant replacement functor with respect to the 
model structure and is the cofibrant replacement functor with re- 
spect to the model structure . Then 

g+i = Fi(r)^Fo(i) = i 

is the cofibrant replacement for the unit 1, and, for any given object 
X in 

Q+X = QX A Q+1 ^QX A1 = QX — >X 

is the cofibrant replacement for X. In particular, we have a natural 
transformation 

Corollary 7. Let X and Z be two objects in 5^ , such that Z is S-local with 
respect to the projective model structure ^ in 5^ . Then the morphism 

map(X, Z) — > map'^(X, Z) , 

induced by the above natural morphism Q~^X — QX , is a weak equivalence 
of simplicial sets. 

Proof. As Z is S'-local with respect to it is fibrant in and so in 
Let 

q:QX — >X 
be the cofibrant replacement in The morphisms 
q* : map(X, Z) — )■ msip{QX, Z) 

and 

q* ■ map+(X, Z) — > map+(QX, Z) 

are both weak equivalences of simplicial sets. Therefore, without loss of 
generality, one can assume that X is cofibrant in ^ . 
Let now 

g+ : g+X — > X 

be the cofibrant replacement of X in . Then g"*" is a positive weak 
equivalence, hence a stable weak equivalence in by Proposition [61 The 
objects X and Q^X are cofibrant in so in and Z is fibrant in 
Then the morphism 

map(X, Z) ~ Map(X, Z) Map (Q+X, Z) ~ map+(X, Z) 

is a weak equivalence of simplicial sets because is a simplicial model 
category with respect to the model structure □ 

Remark 8. For a natural n call an n- level weak equivalence (fibration) 
a morphism in which is a level weak equivalence (fibration) for z-slices 
with i > n. These two classes of morphisms define a monoidal model 
structure on Cofibrations in are cofibrations in ^ which 

are isomorphisms on i-slices with i < n and n-level weak equivalences. 
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By methods similar to those used above one show that any n-level weak 
equivalence is a stable weak equivalence. 

6. Main theorem 

Recall that Wt^s is the set of weak equivalences in and W^^+ is 
the set of weak equivalences in Let also g be the set of weak 

equivalences in . 

Furthermore, if and =2/' are two model structures in the same category 
^ then we will use the symbols Ho{s^) and Ho{£/') for the homotopy 
categories of the category J3§ with respect to the model structures and 
respectively. If is a model structure in a category ^ let 

be the universal functor sending an object X in ^ into the same object [X] 
in Ho{^), and any morphism / : X — y in to the class [/] : [X] — )■ \Y] in 
Ho{^). 

Theorem 9. With the above notation, 

Wt,S = 1^^5+ = W^^s ■ 

Proof. Let f : X ^ Y he a, weak equivalence in In order to prove 

that / is a weak equivalence in we need to show that for any S'~''-local 
object Z in the morphism 

map'''(y, Z) — > map'''(X, Z) 

is a weak equivalence of simplicial sets. The morphism 

e-.Z — yQZ , 

together with the morphism /, give rise to the commutative square 
map+(F, Z) map+(X, Z) 

map+(F, QZ) ^ map+(X, QZ) 

As Z is S'"*"-local in Proposition |3] (i) gives that QZ is S'-local in 
Since / is a weak equivalence in the morphism 

/* : map(F, QZ) — > map(X, QZ) 

is a weak equivalence of simplicial sets. Applying Corollary [7] we obtain that 
the lower /* in the above commutative square is also a weak equivalence 
of simplicial sets. Proposition [3] (ii) gives that the morphism ^ is a weak 
equivalence in It follows that the vertical morphisms in the above 

commutative square are weak equivalences of simplicial sets. Then the top 
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horizontal morphism is a weak equivalence of simplicial sets, as required. 

Thus, Wt,s c 

Let / : X — J- y be a weak equivalence in We want to show that / 

is a weak equivalence in Take any S'-local object Z in ^ and look at 
the commutative diagram 

map(y, Z) ^ map(X, Z) 



map"''(y, Z) ^ map"'"(X, Z) 

As Z is 5- local in it is S'^-local in Since / is a weak equivalence 

in , the lower horizontal morphism is a weak equivalence of simplicial 
sets. The vertical arrows in the diagrams are isomorphisms from Corollary 
[71 Then the top horizontal arrow is a weak equivalence of simplicial sets, 
for any S'-local object Z in ^ . It means that / is a weak equivalence in 

Thus, Wt^s = ^Ts+- particular, all morphisms in S are weak equiv- 
alences in This implies that {^g+)s = On the other hand, 
{^g+)s = -y^s ^ because d S. □ 

7. Derivation of symmetric powers 

In this section we deduce some important corollaries from Theorem [9l 
First let us recall some basics on homotopy colimits and fix terminology. 
Let now ^ be a pointed simplicial model category, cofibrantly generated by 
two sets / of generating cofibrations and J of generating trivial cofibrations. 
Let also G be a finite group considered as a category with one objects and 
morphisms identified with elements in G. Let then be the category 
of functors, or diagrams) from G to S). Then & inherits a cofibrantly 
generated model structure, see |H], Theorem 11.6.1, and the colimit functor 

colim G- ^ 

is left Quillen by Theorem 11.6.8 in loc.cit. Let 

Hocolimc = Lcolim^ : Ho{&'^) — )■ Ho{Si) 

be left derived functor of colim c. If : — > is the cofibrant 
replacement in the above model structure in then, for any object X in 
S)'^ one has 

HocolimG(^) = [colim (Q^X)] , 
where [ ] always stands for localization functors from model categories to 
homotopy categories. Let then 

hocolim G = colim g ° '■ — ^ ^ 



POSITIVE MODEL STRUCTURES 



19 



be the colimit of the action of the group G on the level of model categories. 
The point is that in our particular case the cofibrant replacement can 
be easily described. 

Let be a simplicial set, such that G acts freely on K. By definition, it 
means that G acts freely on each Ki. Let X be an object in cofibrant 
in Then the object 

K+AX , 

equipped with a diagonal action of G, is a cofibrant object 

Take the contractible simplicial set EG on which G acts freely (recall 
that {EG)i = and the action of G is diagonal). As we wish to work in 
a pointed setting, add a point to it, getting EG^. Then, for any object X 
in cofibrant in ^, 

Q^{X) = EG+AX 

is the cofibrant replacement of X in and 

hocolimG(X) = {EG+ AX)/G . 

In other words, for any object X in the homotopy colimit hocolimcX 
can be computed as the colimit of the diagonal action of the group G on 
the product EG+ A X. 

In the literature, the quotient {EG^ A X)/G can be also denoted by 
EGj^ AgX, so that 

hocolimcX = {EG+ A X)/G = EG+ Ac X , 

and the representation of hocolimc^ as {EG^ A X)/G is known as the 
Borel construction. 

Mapping EG to a point, we get a morphism 

EG+ AX — >X , 

which induces a natural morphism 

6x,G '■ hocolimc^ — > colimc-^ • 

Now suppose that in addition, is symmetric monoidal, and that this 
new structure is compatible with the old ones. Then, for any object X in ^ 
and any non-negative integer n the n-th symetric group S„ acts naturally 
on X^^. The corresponding homotopy limit is denoted by 

Sym^(X) = (ES„)+ As„ X^" . 

We then also have a natural morphism 

ex,n : Sym^(X) — > Sym"(X) , 

where Sym'^X is the "honest" n-th symmetric power of X in the category 
i.e. the colimit of the action of S„ on X^^. 
For example, if ^ is the category of pointed topological spaces and X = 
5° is a colon, then 
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= (-E'S„)+/S„ = (-BS„)+ , 
where -BS„ is the classifying space for the group S„, and 9so^n is just the 
obvious map (i?E„)_|_ — )■ S^. 

The following result in topology was proved in [2] using Kiinneth towers, 
as we do below in the general setting. 

Lemma 10. Let he a closed symmetric monoidal simplicial model cate- 
gory, and let f : X ^ Y be a cofibration between cofibrant objects in it. Let 
also Z = X/Y be a contraction Y inside X . Then there exists a Kiinneth 
tower for homotopy symmetric powers of X , Y and Z, i.e. there exists a 
sequence of cofibrations in ^ , 

Sym^(X) = Ao ^ . . . ^ ^A^ = Sym^(y) 

whose cones Ai/Ai_i are weak equivalent to products 

SymUX)ASymr(Z). 

Proof. By Theorem 24 in [5j, we have a tower of S„-equivariant cofibrations, 

= □^(/) ^ aUf) ^ . . . ^ nLil/) ^ □::(/) = Y"^^ , 

whose cones are S„-equivariantly isomorphic to the objects 

Smashing the above tower with (£'S„)_|_ from the left we obtain a new tower 
of S„-equivariant cofibrations between cofibrant objects in 

Taking the colimit under the action of S„ we get a tower 

Sym;:(X) =Ao~^Ai-^A2^...-^ A^-i A„ = Sym^(y) , 
in which 

A = hocoiims„nr(/) = As„ g^"nr(/) • 

Recall that colims„ is left Quillen, all morphisms — > Ai are cofibra- 
tions whose cones can be computed by the formula 

= (i^S„)+A(s.xs_) (X^^ A . 
Now recall that there is a Sj x S„_j-equivariant weak equivalence of sim- 
phcial sets EEi x ES„_i ^ ES„. It follows that (SE„)+ A(s,xs„_,) (^"^^ A 
^A(n-i)) ^gg^i^ equivalent to Sym^(X) A Sym;;-'(Z). □ 

Now we come back to the category = Spt^(^, T) of symmetric T- 
spectra over the category Since now we assume that all cofibrations in 
/ are strongly symmetrizable in the sense of [5]. Then all cofibrations in It 
are symmetrizable, [5]. Moreover, it follows that all cofibrations in ^ are 
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symmetrizable, see Corollary 21, loc.cit. Then, of course, all cofibrations 
in are symmetrizable. 

Our aim is to prove the following theorem, which is a generalization of 
the result obtained in [2], see Chapter III, Section 5.1: 

Theorem 11. Let X he a retract of a I^-cell complex in 5^ . Then, for 
any non-negative integer n, the natural morphism 

ex,n : Sym^(X) — > Sym'^(X) 

is a weak equivalence in , so a stable weak equivalence by Theorem\^ 

Proof. First suppose that X is where F is a cofibrant object in 

and p>l. For any 

m>np, 

the m-th slice of X^" is 

The action of on this object is given by permutations of n copies of Y 
from the right, and by permutations of first n block of size p on the left 
multiple. As p > 1, the action of S„ on is free. Moreover, the action 
of S„ on Em is independent on the action of S^-np on S^. It follows that 
the m-slice of X^^ is cofibrant in As Ev^ commutes with colimits, 

7.4], the morphism 6x,n is a positive weak equivalence. 



Now let X be an J^-cell complex in . By the definition of a cell 
complex, there is an ordinal A and a functor 

such that 

the transfinite composition * — t- colimF of Y is the morphism * — )■ X, in 
other words, 

colim y = X , 
and for all ordinals a < A the morphism 

is a push-out of a morphism of type Fp{f), where 

p> 



and 



f:A^BeI, 
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SO that one has a push-out square 

F,{A) ^ F,{B) 



Ya ^ Ya+l 

As cofibrations are closed under push-outs, the morphism — )• y^+i is 
a cofibration As all cofibrations in are symmetrizable, the cofi- 

bration Ya — )■ Y^+i is symmetrizable. Moreover, one has an isomorphism 
on cones: 

^ F^{B)/Fp{A) . 
As Fp is left adjoint, it commutes with colimits. It follows that 

Yo^+^/Y^ = Fp{B/A) . 

The object 5/^4 is cofibrant as cofibre of a morphism between cofibrant 
objects. Then Fp{B/A) is cofibrant in As Iq = * is cofibrant, any Ya 

is cofibrant and all Y^ — )■ Y^+i are cofibrations, we see that Y^ is cofibrant 
for any a. Applying Lemma [TOl to the cofibre sequence 

^ Fp{B/A) 

we get a tower 

Sym;:(F„) = Ao^Ai^...^ ^ A„ = Sym;:(F„+i) , 

such that Ai/Ai^i is positive weak equivalent to the product 

SymUF.) A Symr {Fp{B / A)) . 

At the time, since cofibration in ^ are symmetrizable, we also have a 
Kiinneth tower for the honest colimits 

Sym"(F,) = Co^C^^...^ C„_i ^ C„ = Sym"(F,+i) , 

whose cones can be computed by the formula: 

a/C._i = Sym^(y,) A Sym"-*(Fp(5M)) , 

see Theorem 24 in [5] . We have a natural transformation 6n of the Kiinneth 
tower A^ in to the Kiinneth tower C*. As we have seen above, the morphism 
9Fp{B/A),n is a positive weak equivalence, and Oy^^n is in by the inductive 
hypothesis. Working with the above natural transformation 6*^ : A^, — )■ C*, 
one can easily deduce now that Oa+i,n is a positive weak equivalence. 

The rest statement of the theorem can be done by the standard retract 
argument. □ 

Corollary 12. Let X be an object in 5^ cofibrant in . Then, for any 
non-negative integer n, the morphism 9x,n '■ Sym^(X) — )■ Sym"(X) is a 
weak equivalence in , so in by Theorem^ 
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Proof. Any cofibrant object in is a retract of a J^t-cell complex. Then 
apply Theorem [TTl □ 

Corollary 13. Naive symmetric powers preserve positive and stable weak 
equivalences between cofibrant objects in . 

Proof. The functors Sym^ preserve stable weak equivalences because they 
are homotopy colimits. By Theorem [TTl the natural transformation 0„ is 
an object-wise positive, and so stable, weak equivalence. □ 

Finally, one can use Theorem [TT] and Corollary [13] in order to prove 
existence of left derived functors to the endofunctors Sym" and appropriate 
Kiinneth towers for them: 

Theorem 14. In the above notation, for any non-negative integer n, the 
functor Sym" : ^ — )■ ^ has left derived functor 

LSym" : ^ ^ ^ , 

which is canonically isomorphic to the endofunctor on £/' induced by SymJJ. 
Besides, for any distinguished triangle 

X — >Y — y Z — ^ SX 

in there is a tower of morphisms 

L^Ym-{X) = Ao^A^-,...-, ^ = LSym"(F) 

whose cones can be computed by the Kiinneth rule: 

= LSjm^X) A LSym"-^(Z) . 
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